Bifurcation diagrams which allow one to visualise changes in the behaviour of low dimensional nonlinear maps as a parameter is altered are common. Visualisation in higher dimensional systems is more difficult. A straightforward method to visualise bifurcations in flows of high dimensional nonlinear dynamical systems is presented, using the Lorenz '96 systems with dimension 8 and dimension 40 as examples. Three techniques are considered; the first two, density and max/min diagrams, are analogous to the traditional bifurcation diagrams used for maps. These diagrams are generally more difficult to interpret than the corresponding diagrams of maps, however, due to projection effects and the continuous nature of the flow. The third technique introduces an alternative approach: by calculating the power spectrum at each value of the control parameter, a plot is produced which clearly shows the changes between periodic, quasi-periodic, and chaotic states; these spectral bifurcation diagrams reveal structure not shown by the other methods.
Introduction
Bifurcation diagrams provide a useful method to show how a system's behaviour changes according to the value of a control parameter. A classic example is the logistic map, where the system shows both periodic and chaotic behaviour, and periodic orbits appear as a discrete set of points [Alligood et al., 1996] . With flows, it is more difficult to present the bifurcations, due to the continuous nature of the flow. While a periodic orbit in a map is an oscillation between a discrete number of points, in a flow a variable will sweep out a continuous range of values. In this paper, we discuss different methods for visualising bifurcations in flows, and present a new technique based on calculating the power spectrum. The techniques are illustrated using the Lorenz '96 systems, though they can also be applied to other systems. The emphasis is on visualising the bifurcations, rather than exploring their nature using other means, which is a topic for future work.
The Lorenz '96 systems were first introduced as idealised one-dimensional models of the atmosphere [Lorenz, 1996] . They produce time series which are qualitatively similar to the behavior of variables such as temperature. Variants of the systems have proved useful for studying issues related to atmospheric predictability and model error [Hansen, 1998; Hansen & Smith, 2000; Orrell et al., 2001; Orrell, 2002] .
The first system, which we shall refer to as System I, contains variables
By substituting into the equations, it is easily seen that
is a fixed point for all ) is minus the identity, thus the only eigenvalue is -1 which ensures stability. For
)
, the Jacobean at the fixed point
An eigenvector of this matrix is (1 ,-1,
, 1), with associated eigenvalue
an eigenvalue passes through the real axis in the complex plane. This is associated with a Hopf bifurcation [Guckenheimer & Holmes, 1983] , where a periodic orbit is produced from a fixed point. Indeed, in Figure 1 we see that for , as expected, but also reveals a number of higher harmonics at multiples of the base frequency.
As
) is increased, the ¡ time series picks up extra local maxima due to the presence of higher harmonics, but there is no sign of period doubling. In the logarithmic scale, the power appears to decrease more or less linearly with frequency, suggesting that the coefficients in the power spectrum decrease exponentially with frequency. Near
, the system becomes chaotic.
there is a periodic window before becoming chaotic again. The orbit shown in the lower panels has a period of 11.365 time units.
Rather than examining individual values of )
, it is desirable to visualize how the system changes, and particularly where bifurcations occur, as ) is varied continuously. One method to do this is analogous to the bifurcation diagrams of maps such as the logistic map, which simply record the points on the attractor as the bifurcation parameter is increased, either by a scatter plot or a density plot. For example, the top panel of Figure 2 shows a density plot of the The main advantage of the spectral bifurcation diagram is that it can reveal structure, such as quasi-periodic orbits, which are not seen using the other methods. This is evident in the next section, where we consider higher-dimensional systems.
System I with dimension 8 and 40
System I can be run with any number of variables. While the higher dimension versions display broadly similar behaviour to the 4D case, they also show additional complications and interesting features. One property of the system is that it has at least two attractors: a symmetric
which is a copy of the attractor, and a second attractor containing no such points. This symmetric attractor will attract any initial condition which has the required symmetry, while other points are drawn to the other attractor [Hansen, 1998] . Therefore periodic orbits corresponding to those in Figure 1 , even the one at When the frequencies are incommensurate, the result will be a quasi-periodic orbit. In bifurcation diagrams produced either by the maxima method or a Poincaré section method [Alligood et al., 1996] , these quasi-periodic orbits appear as a continuous band indistinguishable from chaos.
It is possible to find orbits in the region
which appear to close upon themselves (that is, the attractor is a periodic orbit); this is shown in Figure 5 for
The number of decimal places in )
, however, attests to the fact that this is not an easy task! The period of this orbit is 36.7, which corresponds to a frequency of 0.027. Figure 6 is a close-up of the spectral bifurcation diagram. The periodic orbit is located in a region where the spectra display lines separated with a frequency spacing of 0.027, as expected.
Still another way to view, or experience, the bifurcations is to listen to them [Orrell, 2001] . A recording is available 1 which contains a translation of the 8 dimension system into sound. The . This is analogous to the weather problem where forcing is different over land and over sea [Hansen, 1998; Hansen & Smith, 2000] . . There is an additional period doubling bifurcation at whole diagram is shifted to the right compared to Figure 3 .
The spectral bifurcation diagram for System II in Figure 8 can be compared also with that in Figure 3 . Again it is quite similar to the System I case, with the difference that a full range of spectra, indicating a completely chaotic regime, doesn't occur until around . The spectral bifurcation diagram shows intricate cross-hatching, and a degree of structure that is absent from the other diagrams.
When the coupling coefficient is increased, System II is capable of showing quite complicated behaviour even at
, where System I is periodic. Figure 11 shows the 
Conclusions and future work
In this paper, we have discussed different methods for viewing bifurcations in high dimensional nonlinear dynamical flows. The most useful, in terms of the amount of information conveyed, is the spectral bifurcation diagram. These diagrams reveal a sometimes surprising amount of detail in system behaviour which would not otherwise be evident.
The methods have been illustrated throughout using the Lorenz '96 systems. While these sys-tems are useful for simulating certain properties of atmospheric models, they also turn out to be interesting in their own right. Spectral bifurcation diagrams reveal the extraordinarily rich structure of their bifurcations.
While this paper has concentrated on techniques for visual presentation of bifurcations, it would clearly be interesting to explore the nature of the Lorenz '96 bifurcations in greater detail. We hope that the results here will serve as motivation for such work. 
